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Abstract
While a general consensus exists that the morphogenesis of living organisms has its roots in genetically encoded information, there
is a big debate about the physical mechanisms that actually mediate its control. In embryo development, cells stop proliferating at
homeostasis, a target state in terms of physical conditions that can represent, for instance, the shape and size of an organ. However,
while control of mitosis is local, the spatial dimension of a tissue is a global information. How do single cells get aware of that
at the same time? Which is their communication mechanism? While morphogen factors are demonstrated to play a key role in
morphogenesis, and in particular for shape emergence, they seem unable to produce a global control on size by themselves and,
conversely, many recent experiments suggest that active mechanics plays an important role. Here we focus on a paradigmatic larval
structure: the imaginal disc that will become wing in the fruit ﬂy. By a formalization of theoretical conjectures in terms of simple
mathematical models, we show that inhomogeneous stress, likely dictated by morphogenetic patterns, is an admissible mechanism
to convey locally the global information of organ size.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of Konstantin Volokh and Mahmood Jabareen.
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Introduction
In life science, morphogenesis is the ensemble of biological processes that lead to the emergence of an organism
shape. An important role in this phase is held by molecules called morphogens. These chemical substances, ﬁrst
hypothesized by Alan Turing1, react and diﬀuses within the tissue and are responsible both for pattern formation
and for specifying mutual cell position. Examples of morphogens are bicoid, Decapentaplegic (Dpp), Hedgehog,
Wingless, Epidermal growth factor, Fibroblast growth factor and Retinoic acid. While the theoretical argument that
the concentration of a morphogen can drive growth is fascinating and successful in some cases, such an appealing
explanation fails in many morphogenetic processes or, at least, it is to be corroborated by other physical mechanisms.
The most popular model organisms in morphogenetic studies is probably the Drosophila Melanogaster, also known
as fruit ﬂy. We concentrate our attention on the Drosophila wing imaginal disc, the structure of the larva from which
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the adult insect wing originates. The growth of the disc lasts about 150 hours and during this morphogenetic stage the
initial number of cells duplicates about 10 times, passing from 50 to 50000 and eventually covering an area of about 1
millimeter square. The wing disc is a sheet of epithelial cells, a very thin structure that can be eﬀectively represented
by a two–dimensional approximation.
One of the most studied morphogens is the Dpp, a bone morphogenetic protein that has a key role in the development
of the fruit ﬂy, since it has been proved that the genetic suppression of its production inhibits the morphogenesis3,4,5.
It spreads from a central stripe of the disc, that divides it in two almost equal parts: the anterior and the posterior
one. Its distribution is regulated by a diﬀusion–reaction equation, with the diﬀusion and the decay term are always in
mutual equilibrium. In the whole larval stage cell duplication is homogeneous in space, while its dependence on time
is described by a Gompertian law: the growth is then higher in the initial phase than in the ﬁnal one.
Recent studies show that Dpp proﬁle scales in space with the disc length and the morphogen concentration adapts
to disc size7,6,8. Such an experimental behaviour reported by Wartlick and coworkers7 is explained by the authors
themselves assuming that an expander of constant mass dilutes during to cell division: if the degradation rate depends
linearly on it, the morphogen concentration scales as the length of the domain (expander–dilution mechanism).
Notwithstanding, a full explanation of the determination of the size of an organ in terms of pure reactive–diﬀusing
agents remains however elusive. One of the motivations is that even though chemical signalling scales with length, it
has a very small concentration at the boundary of the disc. This remark suggested a diﬀerent approach to Hufnagel
and coworkers8; they argue that mechanical stress might compensate the decay of morphogen concentration in the
periphery of the disc, so that a combination of morphogen diﬀusion and mechanics might be the key regulator of
disc growth. This explanation is in agreement with a number of recent reports on the emerging role of mechanics
in morphogenesis9. Mechanical stress is known to play a role in tissue development10, sometimes in conjunction or
superposition with chemical signaling11. In particular, evaluation of the stress in the wing imaginal disc by photoe-
lasticity has been the subject of recent experimental works12. Their main results are that the stress is inhomogeneous,
larger in the center than in the periphery, it is compressive and grows with the size of the disc.
One of the aims of this work is to address whether a continuum mechanics model can reproduce a stress pattern
qualitatively similar to the one reported and reconstructed by these photoelasticity experiments. We are interested in
investigating whether a purely mechanical setting can be provide a signalling mechanism for size regulation during
growth. The complex interation of morphogenetic factors will not be directly addressed, data about concentrations
patterns will be used per se to possibly modulate the activation of the mechanical stress. The tensional state in a tissue
can be actively produced by the cells, thanks their own actomyosin network. The stress is therefore a long range ﬁeld,
natural candidate for intercellular communication, and, as a matter of fact, cells are well known to modulate their
motility and reproduction rate on the basis of their own tensional state13. Here, we formalize diﬀerent conjectures
about possible morphogenetic mechanisms in mathematical equations and analyze them in terms of physical admis-
sibility. Our standpoint is that a physical ﬁeld is an admissible mechanism of local transduction of global information
if, under homogeneous growth, it depends in a speciﬁc way on the domain size and on its relative position in the
organ only. Under this hypothesis, we show that a non–homogeneous stress ﬁeld, possibly modulated by morphogen
concentration, can be advocated as admissible mechanism of global information transmission.
1. Direct control of the morphogen on growth
Many morphogenetic factors are known to cooperate to the shaping of drophila wing; in this section we summarize
some results about the dynamics of Dpp, in order to point out the typical conceptual diﬃculties that are encountered
when trying to account for long range (”organ-size”) interactions.
According to a standard theory, Dpp would behave as a standard macromolecule, transported by Brownian motion
with ﬂux proportional to its own local gradient. Linear diﬀusion D plus a constant degradation rate k yield to predict
a constant decay length λ0 =
√
D/k: the Dpp slope would not change in time while the disc elongates from few
to a thousand microns, and then it could not provide any local information about the size of the wing, while the
concentration becomes rapidly non-appreciable far from the source. In other words, a growth rate dictated by the
absolute value of Dpp with the above dynamics is not compatible with the observed homogeneous growth that stops
when the wing reaches a given size. A possible solution of this dilemma is based on the ansatz that it exists a
(non–identiﬁed) ”diluted” ﬁeld d(x, t), which is produced in the diﬀerentiation stage and then preserves its total mass
178   V. Pettinati et al. /  Procedia IUTAM  12 ( 2015 )  176 – 184 
constant during time: when cells duplicate, the wing surface expands and d is passively diluted, so that its density
decreases proportionally to the areal growth. This way the diluted ﬁeld would already be per se a perfect measure
of the grown area. The connection between the Dpp dynamics and the dilution of d is provided by Wartlick and
coworkers7 when they observe that the decay length of the morphogen is not constant, but grows linearly with the
wing size.
To recast this idea in a formal way, we consider a transverse section of the posterior part of the wing disc, where
the position spans the interval [0, L(t)]. The morphogen source is located in x = 0 where Dpp is produced at a
constant rate α > 0, while it cannot ﬂow at the right boundary L(t). The qualitative description above rewrites in the
following diﬀerential model, where c(x, t) represents the Dpp concentration and, without loss of generality, we take
d(x, t = 0) = 1:
−D∂
2c
∂x2
= −kdc, (1)
∂c
∂x
|x=0 = −α, ∂c
∂x
|x=L = 0 (2)
L2d = L20 (3)
In a standard scenario, the decay length λ(t) =
√
D/(dk) is constant and the concentration ﬁeld does not provide any
information about the length of the domain L(t). In particular, when L  λ0,
c(x, t)  αλ exp
(−x
λ
)
, (4)
the morphogen concentration decays exponentially far from the source and becomes rapidly inappreciable.
Conversely, if the ”dilution” hypothesis 3 applies, the decay length scales with the domain size as
λ(t) =
√
D/(d(t)k) = λ0L(t)/L0
so that, the morphogen concentration, in every point of the wing depends on (x, t) in the following speciﬁc form:
c(x, t) = L(t)cˆ(x/L(t)). (5)
During the homogeneous expansion each material point (and therefore every cell) preserves its relative position x/L(t)
and, according to the solution (5), gets an immediate information on the wing size by direct measure of the local
concentration. Notice that the value of c itself is a measure of the domain size, without need to invoke further spatial
or time derivatives. The numerical solution of the system of equations 1-3 is plotted versus experimental data in
Figure 1.
2. Growth controlled by mechanical factors
The authors of the “scaling decay length” theory support their arguments by experiments; however the issue re-
mains controversial. Moreover no diluted factor has been identiﬁed yet and a gradient of Dpp is not necessary for cell
proliferation14,15,4.
An alternative approach to explain how the size in the imaginal disc growth is controlled by a limited proliferation
is based on mechanobiology8. Cells are well known not only to produce force but also to modulate their behavior
(for instance in polarization, migration, patterning and duplication) depending on the stiﬀness of the environment and
on the externally applied load, possibly interacting with the one they actively produce16. Stress is therefore a natural
candidate to transmit information on the size of the domain. However, a classical load-stress mechanical theory would
be useless for the present purposes: since the tensional state in the wing depends on the strain only, it is equal to the
load (if any) on the boundary, whatever its rheological properties are.
The scenario dramatically changes if the active stress produced by the cells is introduced in the force balance. Cells
have the ability to actively produce forces: they are polarized in the embryo and the cortical actomyosin machinery
orientated along the radial direction produces a hoop stress17. In our prototypical system, the imaginal disc of the
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Fig. 1. Dpp concentration inside the imaginal disc as a function of the distance from its source: solid lines are the theoretical predictions of Eq.(5),
while the circles indicate the experimental data, taken from6. The material parameters are collected in Table 1.
.
Drosophila wing, cells are apparently polarized in a circumferential fashion18. We are therefore interested in inves-
tigating whether a direct relation between circumferential tension and domain size can be compatible with the nature
of mechanical stress.
In the following we assume radial symmetry of the problem: a charaterization suggested by the discoidal shape of the
wing pouch and by the pattern arising from the combined action of diﬀerent morphogens. For several authors23,8,24
cell proliferation in the wing pouch is stimulated by a central point source, at the intersection of line sources of DPP
and Wingless; moreover, Wingless is expressed in two concentric rings around the wing pouch25. However, we re-
mark that the actual dynamics of each morphogen and the complex cooperation among diﬀerent ones is immaterial
for the discussion that follows. The radial symmetry we are assuming is therefore a starting point to address the main
question about a global signaling mechanism that accounts for a spatial homogeneous tissue growth and is compatible
with a non-uniform distribution of local signals, like single morphogen concentrations.
3. Active stress
The idea that embryo can be mechanically described as ﬂuids with interfacial tension has been disregarded in
recent years in the light of a number of experiments that elucidate the real nature of the cell–cell interaction in
cell assemblies17. The force per unit surface in a cellular aggregate is not a simple hydrostatic pressure, it is spatially
inhomogeneous and it is produced by the interplay between cell–cell adhesion and their cortical actomyosin cables that
contract according to speciﬁc directions. The perimetral anisotropic contraction is known to promote cell migration
by intercalation mechanism; here we are interested in understanding if the stress produced in such a context might
also work as an intracellular signal to convey information about the domain size.
We introduce the cellular active stress assuming that Dpp or some other protein, like Dachs, which seems to depend
on Dpp at some extent2,21, convey contraction in a circumferential direction. Morphogens have here a permissive role
in polarizing the cells that produce a cortical tension according to a speciﬁc orientation: apparently in a circumferen-
tial fashion here, while a radial orientation has been observed in embryos17.
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The force per unit surface actively produced by the cells will be mathematically encoded in an active strain formu-
lation, formally corresponding to decompose the tensor gradient of deformation into two contributions: the passive
(elastic, energy storing) one Fe and the active one Fa, so that F = FeFa 19.
Following the experimental literature, we assume that growth is homogeneous. We also emphasize that we are inter-
ested in the tensional stress of cellular material not subjected to external loads. Accordingly, we restrict our analysis
to equilibrium conditions, so that possible residual stresses generated by the growth process have been relaxed by
viscous dissipation. We notice that residual stress is a passive source of tension and it should not be confused with
the force per unit surface actively produced by the cells. As there is no evidence that residual stresses occur in the
imaginal disc, the history of the growth process is immaterial for the present discussion and the relaxed state has to be
understood as the placement in the imaginal disc grown when the active force is triggered.
3.1. Homogeneous active stress
The shape of the domain20 suggests to enforce the radial symmetry of the problem. Let the size of the disc in its
relaxed conﬁguration be R0 so that the radial coordinate R ∈ [0,R0] and only radial displacement occurs.
Let us consider a material point of an elastic material that, under the action of some mechanical solicitation, under-
goes the radial displacement r(R) − R from the reference (relaxed) conﬁguration. We deﬁne the tensor gradient of
deformation F = ∂x/∂X and we introduce a multiplicative decomposition of the tensor gradient of deformation F:
F = FeFa, (6)
where Fe and Fa the elastic and the active components of F respectively.
We assume that the imaginal disc is made of an incompressible neo–Hookean material that undergoes an inhomoge-
neous active deformation. The strain energy density function is
Ψ(Fe) =
μ
2
tr(Be − 3), (7)
where μ is the shear modulus and Be = FeFTe . First variation of the strain energy density enforced by the incompress-
ibility constrain detFe = 1 leads to the Cauchy stress tensor:
T = μBe − pI.
In a two–dimensional nonlinear framework we assume that the decomposition (6) takes the generic form
Fa =
[
γ 0
0 δ
]
,
in (0,R0), being the identity elsewhere. In cylindrical axial–symmetric coordinates, the deformation gradient tensor
reads
F =
[ dr
dR 0
0 rR
]
, Fe =
[ 1
γ
dr
dR 0
0 1
δ
r
R
]
The incompressibility constraint
1
γδ
dr
dR
r
R
= 1.
can be immediately integrated using the boundary condition r(0) = 0
r =
√
γδR (8)
so that
Fe =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
√
δ
γ
0
0
√
γ
δ
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
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Direct integration of the equilibrium equation
d
dr
Trr =
1
r
(Tθθ − Trr)
leads to the determination of the radial component of the stress:
Trr(r) − Trr(r0) = μ
(
γ
δ
− δ
γ
) ∫ r
ri
1
s
ds.
Equation (8) implies that
Trr(R) − Trr(R0) = μ
(
γ
δ
− δ
γ
) ∫ √γδR
√
γδRi
1
S
dS ,
therefore
Trr = Trr(R0) + μ
(
γ
δ
− δ
γ
)
log
(
R
R0
)
. (9)
The expression of the radial stress allows us to calculate the pressure p and then obtain the hoop stress:
Tθθ = μ
(
γ
δ
− δ
γ
) (
1 + log
(
R
Ri
))
+ Trr(R0). (10)
Both the radial and the circumferential components of the stress exhibit a singularity at the origin, unless γ = δ; in
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Fig. 2. Plot of the radial and circumferential stress components versus the radial coordinate R at diﬀerent domain sizes for a nonlinear elastic
material. Here the growth occurs overall the domain, μ = 40 and γ = 1 and δ = (1/.9)2.
such a case, the stress is constant in (0,R0). Since we do not suppose external loads, the contribution of Trr in R0
vanishes. The functions (9) and (10) are plotted in ﬁgure 2. If γ > δ (γ < δ) the cells undergo a tension (compression)
both in the radial and in the circumferential direction. As in the linear case, the stress magnitude decreases towards
the periphery and grows with the disc dimension in an absolute position R.
During the developmental process each material point is subject to the same level of stress and also the stress gradient
does not scale with size, therefore neither the stress, nor its gradient could be eﬀective measures of the wing size. In the
next section we show how the introduction of an inhomogeneous contractility controlled by a scaling morphogenetic
factor resolves this diﬃculty.
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3.2. Inhomogeneous contraction pattern
If the radius of the mechanically active disc is Ri < R0, standard (purely passive) elasticity equations are to be
solved in (Ri,R0) in order to provide the interface radial component of the stress Trr(Ri). Incompressibility is here
expressed by the following equation
r
R
dr
dR
= 1,
that can be integrated to give
r(R) =
√
R2 − R2i + r2i . (11)
The solution of the equilibrium equation yields the determination of the radial stress:
Trr(r0) − Trr(r) =
∫ r0
r
μ
s
⎛⎜⎜⎜⎜⎝ s2
s2 − κR2i
− s
2 − κR2i
s2
⎞⎟⎟⎟⎟⎠ ds. (12)
where r2i − R2i = (γδ − 1)R2i = κR2i . The integral in (12) can be conveniently calculated after a change of variables:
Trr(R0) − Trr(R) =
∫ √R20+κR2i
√
R2+κR2i
μS
S 2 + κR2i
⎛⎜⎜⎜⎜⎝S
2 + κR2i
S 2
− S
2
S 2 + κR2i
⎞⎟⎟⎟⎟⎠ dS ,
The boundary condition Trr(R0) = 0 allows the determination of Trr and Tθθ in (Ri,R0):
Trr =
μ
2
⎡⎢⎢⎢⎢⎣log
⎛⎜⎜⎜⎜⎝ (R
2
0 + 2κR
2
i )(R
2 + κR2i )
(R2 + 2κR2i )(R
2
0 + κR
2
i )
⎞⎟⎟⎟⎟⎠ + κR2i R
2 − R20
(R20 + 2κR
2
i )(R
2 + 2κR2i )
⎤⎥⎥⎥⎥⎦ (13)
Tθθ = μ
⎡⎢⎢⎢⎢⎣R
2 + κR2i
R2
− R
2
R2 + κR2i
+
κ
2
R2i
R2 − R20
(R20 + 2κR
2
i )(R
2 + 2κR2i )
+
1
2
log
⎛⎜⎜⎜⎜⎝1 + κR
2
i (R
2 − R20)
(R2 + 2κR2i )(R
2
0 + κR
2
i )
⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦ (14)
and the (unique) value of the radial stress in Ri can be evaluated:
Trr(Ri) =
μ
2
⎡⎢⎢⎢⎢⎣log
⎛⎜⎜⎜⎜⎝ (R
2
0 + 2κR
2
i )(R
2
i + κR
2
i )
(R2i + 2κR
2
i )(R
2
0 + κR
2
i )
⎞⎟⎟⎟⎟⎠ + κR2i R
2
i − R20
(R20 + 2κR
2
i )(R
2
i + 2κR
2
i )
⎤⎥⎥⎥⎥⎦
so that also the solution in the inner region (9) and (10) is completely determined. The stress components are plotted
in ﬁgure 3 at growing disc size.
The stress ﬁeld (13) and (14) has the due scaling properties for a scaling morphogenetic pattern.
Final remarks
According to a recent review, “development biologists have found dozens of proteins and genes that play a role
in the growth of plants and animals, but how growing organs and organisms can sense their size and know when to
stop, is still a mystery”22. The paradox is that it is well known what happens when many signaling pathways are
interrupted, but we do not know what they do when they work properly.
In this work we have revisited the puzzle of size control for a system growing with a spatially homogeneous mitotic
rate in terms of a precise physical and mathematical meaning: a (chemical or mechanical) ﬁeld f is acceptable signal
if its spatial dependence according to the laws of physics is a function of the domain size times a self–similar solution
in space:
f (R, t) = f0(R0) f1(R/R0). (15)
In this scenario, the function f0 provides the absolute information of the domain size, while f1 is constant for a given
cell because of homogeneous growth. In other words, a physical ﬁeld is an admissible ”measure” if it is a function
of the domain length times a self–similar solution of the space. The mathematical model ilustrated above is able to
account for all the (few) known features of morphogen and stress dynamics in the growing wing imaginal disc of the
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Fig. 3. Plot of the radial and circumferential stress components versus the radial coordinate R at diﬀerent domain sizes for a nonlinear elastic
material. Here duplication occurs only in the central region of the disc, bounded by Ri; μ = 40 and γ = 1 and δ = (1/.9)2.
drosophila. By elementary physical mechanisms framed in the ﬁnite elastic theory, we devise a local measure the
disc size, namely the stress variation, that can serve as global communication mechanism about the organ size. The
choice of the speciﬁc morphogenetic system at hand has been dictated by the wide literature available on the subject;
unfortunately quantitative measures of stress and strain, that are usual in continuum mechanics, are still missing and
no further comparison can be carried out. However, all the qualitative known features are correctly reproduced: large
compression in the disc pouch, circumferential polarization of the cells and growth of the pressure with the wing size.
The assumption of radial symmetry of a two–dimensional wing here adopted allows to determine an analytical
solution of the mechanical control on the self-similar growth pattern of the imaginal disc. This is obviously a ﬁrst
approximation, and future work will be focused on modeling the real geometry of the disc; preliminary three dimen-
sional calculations support the assumption of small strain and stress along the vertical direction. Finally, we feel that
some of the ideas here exposed might be applied also to other morphogenetic systems, like embryos. The present
approach is consistent with the emerging primary role of mechanotransduction in development9, and pushes towards
the development of novel experimental studies for conﬁrming the key role of active stress for the global size control
in morphogenetic processes.
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